In this paper, the analytical and numerical studies of two-dimensional wave propagation in porous piezoelectric materials (PPMs) are carried out. The decoupling of waves, in such materials for various crystal classes, is studied analytically for different coordinate planes. It is found that, for wave propagation in a plane, the system is decoupled in some crystal classes, whereas it remains coupled in other crystal classes. It is established that the decoupled pure-shear wave, propagating in a PPM, can be stiffened or unstiffened with piezoelectric effects even if the PPM belongs to the same symmetry group but has a different crystal class. The skewing angles and mutual angles between the polarization directions of different waves are also computed numerically.
Introduction
Piezoelectric materials, with their ability to couple between the electrical and mechanical domains, have been widely recognized for their transduction capabilities and are being extensively used as transducers, actuators, sensors and filters in many areas of science and technology such as electronics, mechanical engineering, navigation, piezoelectric power supplies, medical ultrasonic imaging applications and other modern industrial fields. These materials act as very important functional components in sonar projectors, fluid monitors, pulse generators and surface acoustic wave devices. Reviews on the theory and the application of piezoelectric devices can be found in [1] [2] [3] . Owing to wide applications, the theory of electroacoustic waves in piezoelectric solids poses numerous challenging problems that attract the wide attention of researchers. The theory of acoustic wave propagation in piezoelectric materials commonly rests on the quasi-electrostatic description of electric fields accompanying elastic where ρ 11 ij , ρ 12 ij and ρ 22 ij are dynamical coefficients that depend upon the porosity ( f ), density of the porous aggregate (ρ), pore fluid density (ρ f ) and the inertial coupling parameters. The dissipation coefficients (b ij ) steer the effect of wave frequency (υ), fluid viscosity (μ), permeability coefficients (χ ij ) and the porosity.
For propagation of plane harmonic waves, we consider Here, i = 1, 2, 3, 4 corresponds to qP 1 , qP 2 , qS 1 and qS 2 waves, respectively. For waves propagating along a direction n(n i ) in the x 1 -x 3 plane, we have
where θ is the angle made by the propagation direction with the x 3 -axis.
For the direction of propagation under consideration, the algebraic system of equations (2.10)-(2.13) is deduced analytically for each of the 19 crystal classes mentioned in table 1.
It is found that, of these 19 crystal classes, the algebraic system (2.10)-(2.13) remains coupled in some crystal classes, whereas it is decoupled into subsystems in other crystal classes. The decoupling of systems in different crystal classes, for the direction of propagation under consideration in the x 1 -x 3 plane, is summarized in table 2.
(a) Coupled waves in porous piezoelectric material of group I For a monoclinic PPM with crystal symmetry of m-type, the elastic, piezoelectric and dielectric constants have the following structure: 
Making use of equations (3.1) and (3.2), an algebraic system (2.10)-(2.13) is derived for monoclinic class m and that remains coupled. Likewise, the algebraic system (2.10)-(2.13) was deduced for the other crystal classes 2, 4,4, 6,6, 3, 32 and 3m of group I and it was also found that the system remains coupled for these crystal classes. In order to support these theoretical results, numerical computations were carried out, and the results are presented for the particular models considered. The data, taken for the numerical computation, are mainly based on Auld [5] . (b) Decoupling of waves in porous piezoelectric material of group II Here, the algebraic system (2.10)-(2.13) is deduced for the 2mm crystal class and the waves are studied for their decoupling. For a PPM with crystal symmetry 2mm, the elastic, piezoelectric and dielectric constants can be represented as 
Using equations (3.3) and (3.1), the system (2.10)-(2.13) decouples into two subsystems, ⎡ 
. 
where x * i and y i (i = 1, 2, . . . , 11) are given in the electronic supplementary material, appendix A. The condition of existence of the non-trivial solution of system (3.4) leads to The three roots of equation (3.6) give the complex velocities of three coupled waves (qP 1 , qP 2 and qS 1 ) and are stiffened with piezoelectric effects. Equation (3.7) gives the velocity of an unstiffened qS 2 wave that is decoupled from three coupled waves and is polarized along a direction orthogonal to the sagittal plane containing these three coupled waves. Calculations were performed for other crystal classes of group II and similar conclusions followed.
The variation of angles (θ ij ) with θ is exhibited in figure 2 for the crystal class 2mm. This shows that, in all the directions of propagation, the qS 2 wave is polarized along a direction mutually orthogonal to the polarization directions of the qP 1 , qP 2 and qS 1 waves. Numerical computation was also carried out for other crystal classes of this group and the same behaviour was found for those classes. Figure 3 shows the variation of skewing angles
with θ for the 2mm crystal class. The solid curves (dotted curves) correspond to the results for PPM (pure piezoelectric material). The results for the crystal classes 4mm, 6mm and6m2 were also obtained, but the plots are not shown here. The skewing angles associated with the quasi-longitudinal waves are smaller than the angles associated with the quasi-shear waves. The smallest skewing angle is associated with the fastest wave, i.e. the qP 1 wave. It is observed that the qS 2 wave is polarized along a direction perpendicular to the x 1 -x 3 plane which identifies the existence of the pure transverse mode. Along two directions (θ = 0 • and θ = 90 • ), the qP 1 and qS 1 waves can be identified as pure longitudinal and pure transverse modes, respectively. The qP 2 wave is pure longitudinal mode along one direction (θ = 90 • ) for the crystal classes 2mm, 4mm, 6mm, whereas in the case of crystal class6m2, the qP 2 wave is pure longitudinal mode along two directions (θ = 0 • and θ = 90 • ). It is also observed that, in the case of crystal class6m2, the qS 1 wave is nearly transverse mode along all the directions of propagation. The possible directions of existence of pure modes remain unaffected owing to the porosity, but the magnitude of skewing angles increases when porosity effects are taken into account. (c) Decoupling of waves in porous piezoelectric material of group III Here, the algebraic system (2.10)-(2.13) is deduced for the 222 crystal class. For a PPM with crystal symmetry 222, the elastic, piezoelectric and dielectric constants have the following structure:
where [CM 2 ] 7×7 is the submatrix of CM 2 consisting of the first seven rows and seven columns.
[CM 2 ] 6×6 is the submatrix of CM 2 consisting of the last six rows and six columns. Using equations (3.1) and (3.8), the system (2.10)-(2.13) decouples into the following two subsystems:
where y * 1 and y * 2 are given in the electronic supplementary material, appendix B. The condition of existence of the non-trivial solution of system (3.9) leads to Thus, the three roots (v 1 , v 2 , v 3 ) of equation (3.11) give the complex velocities of three unstiffened coupled waves termed the qP 1 , qS 1 and qP 2 waves. Equation (3.12) gives the complex velocity of the stiffened qS 2 wave, which is decoupled from the other three coupled waves and is polarized along a direction orthogonal to the sagittal plane containing these three coupled waves. It is interesting to note that the decoupled qS 2 wave is stiffened in the case of the 222 class, unlike the 2mm class. The behaviour of decoupling in other crystal classes of this group is also found to be the same as in the case of the crystal class 222.
The mutual (θ ij ) for the crystal class 222 are shown in figure 4 . It is clear from figure 4 that the qS 2 wave is mutually orthogonal to the coupled qP 1 , qS 1 and qP 2 waves. Numerical computation was also carried out for other crystal classes of group III, and a similar behaviour was observed for those crystal classes.
The variation of skewing angles γ 1 , γ 2 , γ 3 and γ 4 with angle θ for the crystal class 222 is shown in figure 5 . The results for the crystal classes 422,42m, 622 and43m were also obtained, but the plots are not shown here. It is observed that the qS 2 wave is pure transverse mode for all crystal classes. 
Wave propagation in the x 2 -x 3 plane
For waves propagating in the x 2 -x 3 plane, along a direction n(n i ) making an angle θ with the x 3 -axis, we have
For the direction of propagation under consideration in the x 2 -x 3 plane, the algebraic system (2.10)-(2. (a) Decoupling of waves in porous piezoelectric material of group V Here, the system (2.10)-(2.13) is deduced for crystal class 3m. For a PPM with crystal symmetry 3m, the elastic, piezoelectric and dielectric constants can be represented as 
2) Using equations (4.1) and (4.2), the system (2.10)-(2.13) is decoupled into the following two subsystems: 
where p * i and q i (i = 1, 2, . . . , 11) are detailed in the electronic supplementary material, appendix C. The conditions of existence of the non-trivial solution of the system (4.3) and (4.4) lead to As discussed earlier, the three roots of equation (4.5) give the complex velocities of three stiffened coupled waves, namely the qP 1 , qP 2 and qS 1 waves. Equation (4.6) gives the velocity of the decoupled unstiffened qS 2 wave. Similar calculations were carried out separately for each crystal class of this group, and the same decoupling behaviour was obtained.
The mutual angles (θ ij ) in a PPM of the 3m crystal class are shown in figure 6 . It is clear from figure 6 that the qS 2 wave is orthogonal to three coupled waves. Figure 7 shows the polar diagram of skewing angles γ 1 , γ 2 , γ 3 and γ 4 for the crystal class 3m. It is observed that the qS 2 wave is pure transverse modes for all the directions in the considered plane. Two directions (θ = 0 • , 90.2 • ) for possible propagation of pure longitudinal modes can be identified with the qP 1 and qP 2 waves. The directions of existence of pure modes remain unchanged in both the cases, but the skewing angle of the qP 1 wave decreases in the presence of porosity.
(b) Decoupling of waves in porous piezoelectric material of group VI Here, the system (2.10)-(2.13) is deduced for the crystal class 32. For a PPM with crystal symmetry 32, the elastic, piezoelectric and dielectric constants can be represented as 
where q * 1 and q * 2 are given in the electronic supplementary material, appendix D. The conditions of existence of the non-trivial solution of systems (4.8) and (4.9) lead to to the plane of propagation containing the three coupled waves. The algebraic system (2.10)-(2.13) was also deduced for other crystal classes of this group and the same conclusion followed. The mutual angles (θ ij ) in a PPM of the 32 crystal class are shown in figure 8 . It is clear from figure 8 that the qS 2 wave is mutually orthogonal to the other three coupled waves. Figure 9 shows the polar diagram of skewing angles γ 1 , γ 2 , γ 3 and γ 4 for crystal class 32. It is again observed that the qS 2 wave is a pure transverse wave in all propagation directions in the x 2 -x 3 plane. However, the qP 1 
Wave propagation in the x 1 -x 2 plane
For waves propagating in the x 1 -x 2 plane, along a direction-n(n i ) making an angle φ with the x 1 -axis, we have
For the direction of propagation under consideration in the x 1 -x 2 plane, the algebraic system (2.10)-(2.13) is derived for each of the 19 crystal classes. The behaviour of the algebraic system (2.10)-(2.13) in different crystal classes, for propagation in the x 1 -x 2 plane, is summarized in table 4. (a) Decoupling of waves in porous piezoelectric material of group VIII Here, the system of equations for the crystal class m is derived and then the decoupling of waves is studied. The equations corresponding to the other crystal classes of this group can be deduced from the equations for class m. Using equations (3.2) and (5.1), the system (2.10)-(2.13) reduces to the following two subsystems: 
where r * i and s i (i = 1, 2, . . . , 11) are given in the electronic supplementary material, appendix E. The condition of existence of the non-trivial solution of system (5.2) leads to The three roots of equation (5.4) give the complex velocities of coupled qP 1 , qP 2 and qS 1 waves. These waves are stiffened waves. Equation (5.5) gives the phase velocity of the decoupled unstiffened wave, which is identified as the qS 2 wave. Repeating the same steps of calculations for other crystal classes of this group, a similar conclusion followed. Figure 10 exhibits the variation of mutual angles between the different pairs of the polarization directions of qP 1 , qP 2 , qS 1 and qS 2 waves with angle φ for crystal classes m. It is observed that the qS 2 wave is polarized along a direction orthogonal to the sagittal plane containing three coupled waves, namely qP 1 , qP 2 and qS 1 .
The variation of skewing angles γ 1 , γ 2 , γ 3 and γ 4 with angle φ in the x 1 -x 2 plane for crystal class m is depicted in figure 11 . The results for crystal classes6 and6m2 were also obtained, but the plots are not shown here. It is observed that the number of particular directions along which the qP 1 (b) Decoupling of waves in porous piezoelectric material of group IX Here, the system (2.10)-(2.13) is derived for crystal class 2. For a PPM with crystal symmetry 2, the elastic, piezoelectric and dielectric constants are 
and ⎡ 
where s * 1 and s * 2 are given in the electronic supplementary material, appendix F. The condition of existence of the non-trivial solution of system (5.7) leads to The three roots of equation (5.9) give the complex velocities of coupled unstiffened qP 1 , qP 2 and qS 1 waves. Equation (5.10) implies that one wave is decoupled from the other waves and is identified as the qS 2 wave. Similar calculations were carried out for other crystal classes of this group IX, and the same kind of decoupling behaviour was observed. The algebraic system (2.10)-(2.13) corresponding to the other crystal classes of this group can be reduced from the system corresponding to class 2.
The mutual angles between the polarization directions of the qP 1 , qP 2 , qS 1 and qS 2 waves with angle φ for crystal class 2 is exhibited in figure 12 . It is clear from figure 12 that, for crystal class 2, the polarization direction of the qS 2 wave is mutually orthogonal to the polarization directions of the other three coupled waves. Similar results were also obtained for other crystal classes of this group and the decoupling behaviour was verified numerically for these crystal classes.
The polar diagrams of skewing angles γ 1 , γ 2 , γ 3 and γ 4 in the x 1 -x 2 plane for crystal class 2 are not significantly different from crystal class m and thus plots are not shown here. The results were also obtained for the remaining classes of this group, but plots are not shown here for those classes. The polarization direction of the qS 2 wave is always found to be orthogonal to the direction of propagation in the considered x 1 -x 2 plane. It is observed that the qP 1 Thus, the piezoelectric effects are completely decoupled from the mechanical one for crystal class 422 in the x 1 -x 2 plane. All four waves propagating in this case are unstiffened. Similar results are also obtained when subsystem (5.8) is deduced for the 622 crystal class.
To support this theoretical result, the effects of variation of e 14 on the phase velocity of the stiffened qS 2 wave for crystal classes 2 and 422 are shown in figure 13 . It is clear from figure 13 that the phase velocity of the stiffened wave is affected owing to piezoelectricity in the case of crystal class 2, whereas it remains unaffected in the case of crystal class 422.
The algebraic system for pure piezoelectric materials can be obtained from the algebraic system (2.10)-(2. algebraic system corresponding to pure piezoelectric materials was studied for different crystal classes and different planes of propagation. The behaviour of coupling or decoupling of the algebraic system remains the same in pure piezoelectric and PPM cases. The mutual angles θ 13 , θ 14 and θ 34 , corresponding to the pure piezoelectric case, have been computed for all the above-mentioned crystal classes and planes of propagation. Unlike the PPMs all three waves are found to be mutually orthogonal in all the crystal classes and planes of propagation (figure 14).
Conclusion
The decoupling of waves in 19 crystal classes is studied analytically and numerically for propagation in the x 1 -x 2 , x 2 -x 3 and x 1 -x 3 planes. The skewing angles and mutual angles between the polarization vectors of different waves are also obtained.
For the wave propagation along a direction in the x 1 -x 3 plane, the algebraic system remains coupled in crystal classes 2, m, 4,4, 6,6, 3, 32 and 3m, whereas in the remaining crystal classes, the system is decoupled into two subsystems. For crystal classes 222, 422,42m, 622, 23 and43m, the decoupled quasi-shear wave is stiffened with piezoelectric effects, whereas the other three coupled waves are unstiffened. In the case of the 2mm, 4mm, 6mm and6m2 crystal classes, the decoupled quasi-shear wave is unstiffened, whereas the other three coupled waves are stiffened.
For a given propagation direction in the x 2 -x 3 plane, the algebraic system remains coupled in crystal classes 2, m, 4,4, 3, 6 and6. In the case of crystal classes 222, 42242m, 32, 622, 23 and43m, the decoupled quasi-shear wave is stiffened, whereas it is unstiffened in the case of 2mm, 4mm, 3m, 6mm and6m2 crystal classes.
For propagation in the x 1 -x 2 plane, the algebraic system remains coupled in the 3, 32 and 3m crystal classes. In the case of crystal classes 2, 222, 2mm, 4,4, 4mm,42m, 6, 6mm 23 and43m, the decoupled quasi-shear wave is stiffened while it is unstiffened in the case of the m,6 and6m2 crystal classes. The piezoelectric effects are completely decoupled from the mechanical one for crystal classes 422 and 622 in the x 1 -x 2 plane.
The system remains coupled in the trigonal (3) crystal class in all the planes of propagation. The decoupled shear wave is pure transverse waves in all the planes of propagation. The crystal symmetry affects the number of possible directions of propagation along which quasi-longitudinal modes can be identified as pure modes.
The behaviour of coupling or decoupling of algebraic system remains the same in pure piezoelectric and PPM cases. The directions of existence of pure modes remain unchanged owing to the inclusion of porosity in the model, but the magnitude of skewing angles changes owing to porosity.
